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Two tangents can be drawn from U. 

If we had used the point where the internal common tangent cuts CO' we 
would have determined two other circles, four in all, satisfying the condition. 

Also solved by PBOF. F. E. MILLER, and CHAS. C. CBOSS. Prof. Cooper D. Schmitt did not solve 
the problem but gave several references where solutions are given. Prof. J. Scheffer gave a short his- 
torical note on the problem. 

In a future issue of the Monthly, we expect to publish a somewhat ex- 
haustive discussion of this very interesting problem. 

90. Proposed by 6. B. M. ZEHE. A. M., Ph. D„ President and Professor oi Mathematics in Russell College, 
Lebanon, Va. 

The bisectors of the angles of the opposite sides (produced) of an inscribed quadri- 
lateral cut the sides at the angular points of a rhombus. 

Solution by 6. 1. HOPKINS, A. M., Professor of Mathematics in High School, Manchester, N. H.; J. K. ELL- 
WOOD, A. M., Principal of Colfax School, Pittsburg, Pa.; J. W. SCROGGS, Principal of Sogers Academy, Rogers, 
Ark.; NELSON L. R0RAY, Professor of Mathematics, South Jersey Institute, Bridgeton, N. J.; HENRY N. DAVIS, 
Providence, R. I.; ALOIS F. EOVARIK, Professor of Mathematics, Decorah Institute, Decorah, la.; and the PRO- 
POSER. 

In the triangles AEK and LEC, LAEG= 
I LEO, £EAK= LLQE. 

.-. IEKA=£ELC. .-. IDKL=ICLK. 

.-. FH is perpendicular to KL at its middle 
point. Similarly, EL is perpendicular to GH at its 
middle point. 

.-. In the right triangles KOG, KOH,KO=KO, 
GO=OH. 

.-. KG=KH. Similarly KG---=GL=LH. 

.•. KGLH is a rhombus. 

This problem was also solved in a similar manner by E. T. BUSH and S. L. ROWAN, of the Fresh- 
man Class of the University of Mississippi; P. S. BERG, W. H. DRANE, F. B. HONEY, E. R. BOBBINS, 
B. F. SINE, J. SCHEFFER, and J. F. TBAVIS. 




CALCULUS. 

70. Proposed by J. OWEN MAHONEY, B. E., M. Sc, Graduate Fellow in Mathematics in Vanderbilt Univer- 
sity, P. 0., Lynnville, Tenn. 

C* cosaa; , . n », . , „, rl Zr - 1 

Prove I _, dx= — i ■--. 2s w ir -h ma > 

J o l+z 2n 2n r= i 

where n is an integer, a is positive, and oo is e»'<* 2 »>. 

Solution by the PROPOSER. 

r e iay 
2„ dy, where a is real and positive. The 

poles given by if n =— 1 or z=i 1 / n =cos(n/2n) + isia(n/2n)=e i ^/ 2n '> =aa (say). 

It is evident that all the roots of y n =i are given by aP"- 1 , where r may 
have the values 1, 2, 3, n. 
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Hence y=oa ir - 1 . About the origin as center describe a semi-circle ABD 
with a very large radius, limited by the axis of X (see figure.) About the poles 
e, which correspond to the points y n =i, describe circles with a very small radius 
p. The proposed function being holomorphic in the portion of the plane lying 
between the circumferences p and the contour ABDA, the integrals 

relative to the circles and the boundary ABDA are equal. For points on the 
circles p y=a, 2r - 1 + /se w , and the integral becomes 

J» l + {co»-i + piP) %pe 'Jo 2nGoV»-M»-» a 
(when p becomes infinitesimal), 

2r-l 
fix /vi2r— Ipaioo ir » 2r— 1 

~-i J L ~dti, = —%-- 2 cd* r -*e<>ia> 

Jo ■in n r=i 

For points on the semi-circle ABD, y=Rcos0+iIlsinO, and the integral 
becomes, 

_ i + B*»j*» dff ' 

which is evidently equal to zero when R—cc , and we have left the integral along 
DA, which is 

e aix dx 




+ x a 



J 00 paix „ n 2r- 1 fit «o»xJ T /•* „ 

1 ■ 1, dx=-i~2 GO*r-h«iCI> =| ' ^ + 1 ~ 

_«. l + a; 2 " n r= , J..* l + 9;«» J 1 

,•»« e a«4. e -o« /•* C0Sftx 

— I — m: — as, = 2 I as. 

J o 1+z 2 " ' J l+* 2n 

., , /*" cosazdx . tt » . , ., »'-i 

Therefore I — 5— — - t— — 2 <» 2r -» e«*<» 

Is this result correst ? Forsyth gives, on page 41 of his Theory of Func- 
tions, the integral 

/* cosaxdx . n » „ , lr ^ r ~ l 

-m l+a; 2 " 2?i r=1 

[Prof. Zerr remarks that the result is correct, as is easily seen from the 
following : 
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Let coaax/O +x 2 »)=/(x). 
f fix)dz=y f(x)dx+f° a j\x)dx=f f(x)dx-fj(x)dx=f a f(x)dx 

+ C J(x)dr=2f f(x)dx. 

7 1 . Proposed by J. C. COEBIN, Pine Bluff, Ark. 

Form the differential equation of the third order, of which 

t^Cje^ + Cje-^-fCje* is the complete primitive. 

I. Solution by EDGAR ODELL LOVETT, Ph. D., Princeton University, Princeton, If. J. 

1°. This problem is a familiar one to students of differential equations. 
The original primitive together with the results of three successive differentia- 
tions, may be written 

;(/-e to c, — e-tecg— e*c 3 =0, 
i/-2e te Cj +3e- 3 *Cg-e*c 3 =0, 
i/"-4e*»c, —9e- ax c s — e r c a =0, 



y 



where y'- 



dy 
dx 



y 



d*y 
dx* 



— 8e*»c., +27e- ax c i -e T c 3 =U ; 

y - s - d *y 



dx» 



The above is a system of linear and homogeneous equations in the quan- 
tities 1, e^c,, e _3 *Cj. and e*e 3 , hence the determinant of their coefficients van- 
ishes, that is 



y 
y' 
y" 
y"' 

whence 



1 1 

2 -3 
4 9 
8 -27 



or finally 



y—y 
y"-y 
y'"-y 



y i 
y'-^y i 
y"-y 3 



-y 7 -28 



1 







3 


-2 


=2 


7 








=4 



y-y 
y'"-y 



y'-y i 


l 


y" -y 3 


-2 


2/"'-y 7 


7 



=0: 



=0 



y"'-7y' + 6y=0 
is the differential equation of the third order whose complete primitive is 



